Gaseous flame balls and their stability to symmetric disturbances are studied numerically and asymptotically, for large activation temperature, within a porous medium that serves only to exchange heat with the gas. Heat losses to a distant ambient environment, affecting only the gas, are taken to be radiative in nature and are represented using two alternative models. One of these treats the heat loss as being constant in the burnt gases and linearises the radiative law in the unburnt gas (as has been studied elsewhere without the presence of a solid). The other does not distinguish between burnt and unburnt gas and is a continuous dimensionless form of Stefan's law, having a linear part that dominates close to ambient temperatures and a fourth power that dominates at higher temperatures.
Introduction
Spherical flame balls, in gases, have been found to exist as stable objects for small enough Lewis numbers [1] . They have been studied theoretically [2] , along with their stability for models of non-adiabaticity that involve uniform and constant heat losses only in the burnt gas [3] as well as relatively weak linear heat losses that nevertheless are of leading order importance when temperatures are close to an ambient, far-field value [4] .
We extend these studies by introducing a model for flame balls in a porous, inert solid, with a small volume fraction and a volumetric heat capacity that is similar to that of the gas. The idea is to determine whether such a solid is likely to stabilise or destabilise flame balls. The solid is treated, in this article, as being immobile, non conducting and non-radiating. Its only role is therefore to exchange heat with the gas, providing a form of heat reservoir for the gas at any point via a rather simple extension of existing models for flame balls. Such a reservoir would tend to resist temporal temperature changes in the gas and so it might be expected to offer a stabilising influence that we wish to investigate.
As a further extension of existing work, we also examine a model for heat loss in the gas that is kept closer to the spirit of Stefan's radiative law. It has been argued [3, 4] that the nonlinear effect of this law (after removing any component that is linearised about the ambient temperature) is only important where the temperature is high. Since, the burnt gas temperature is almost constant and temperatures drop fairly quickly into the unburnt region, it follows that a simple and reasonable model for radiative losses should arise by simply taking them to be constant and present only in the burnt gas, not even being influenced significantly by the small changes in temperature that would be sufficient to bring about order one changes in the solution when the activation temperature is large.
This linearised model is simple to analyse which is another significant advantage. In the context of a simple flame-sheet description of the chemistry, with spherical symmetry, exact steady solutions and exact eigenfunction solutions for linear stability can be found. We base our analysis of the problem with linearised heat loss on these exact solutions, not needing therefore to consider a matched asymptotic approach [4] , although the interpretation of the dispersion relation for linear stability still requires an asymptotic examination for large activation temperature. However, this is just an examination of algebraic relations rather than the asymptotic solution of differential equations. An exact approach is not possible for a nonlinear radiative law (Stefan's law). This part of the analysis is therefore more involved, requiring either iterative or matched asymptotic solution of the relevant differential equations describing the temperature and its eigenfunction. Asymptotic results are obtained, which then provide a useful point for comparison and contrast with the simpler linearised law for heat loss.
The asymptotic work is supplemented by a numerical study of the governing equations, only for the linearised heat-loss model, cast into a finite difference form. For the numerical work, an Arrhenius law is used to describe the chemistry since jump conditions at a flamesheet would be more difficult to implement. This provides a framework for comparison of the leading order asymptotic results (effectively at infinite activation temperature) with solutions at finite activation temperature. The numerical code provides both steady solutions and eigenvalues with positive real part for spherically symmetric instability. Non-symmetric eigenfunctions [4, 5] are not studied in this article.
Spherically Symmetric Model
For a simple one-step reaction, F → P, in which a gaseous reactant F is converted into a gaseous product P within an unbounded medium that contains a small volume fraction of porous solid, a suitable dimensional reactive-diffusive model is
in which t is time and r is a radial coordinate about a suitable origin of spherical symmetry.
The mass-fraction of the reactant is denoted by Y (t, r), the gas temperature by T (t, r), and the solid temperature by θ(t, r).
The density ρ, specific heat C P and thermal conductivity λ of the gas, as well as the diffusion coefficient D of the reactant F, are taken to be constant for simplicity of analysis; the constant-density model is remarkably effective at providing simple but qualitatively accurate predictions of combustion phenomena in which diffusive processes are of predominant importance. The molecular weights of the reactant F and the product P are W F and W P , respectively, with enthalpies of formation h F and h P . The Arrhenius preexponential factor is A and the activation temperature of the reaction is T A . The Heaviside function H(·) ensures that the reaction rate Ω is actually zero for any temperature below the cutoff temperature T c .
The porous solid is modelled as an inert, homogeneous, porous, non-conducting mesh, or as a relatively non-mobile and uniformly distributed dust. Cases in which the solid phase also conducts heat or, possibly, moves via thermophoresis, are not considered here. Attention is therefore focussed on a relatively simple situation in which the primary role of the solid is to exchange heat with the gas, behaving as a kind of heat reservoir.
In this simple continuum model, the parameters k and q govern the exchange of heat between solid and gas. These represent, respectively, the rate of heat transfer (per unit volume of the medium per unit temperature difference) and the heat capacity of the solid (per unit volume of the medium). In broad terms, k should be proportional to the surface area of the solid per unit volume and to the thermal conductivity λ, with some dependence on the fine scale geometry or structure of the solid-phase-the thermal conductivity of the solid is taken to be high enough and the fine-scale thickness of any part of the solid small enough, for heat to be considered uniformly distributed across any small element in the solid structure. The volumetric heat capacity q is the mass of solid per unit volume of the medium multiplied by its specific heat capacity. Thus, for a fixed volumetric heat capacity q, or mass of solid per unit volume, the rate of heat transfer k would increase as the fineness of the mesh containing the solid is increased.
The representation of the system using a continuum of two distinct temperatures, θ and T , assumes that the mesh is fine and interacting thermally with the gas at all points. Of course, both temperatures represents a local average in their respective phases. For the highly nonlinear temperature dependence of the chemistry to be determined by the locally averaged gas temperature T , the actual gas temperature at any point should not deviate much from its average value in any suitably small volume element that is not as small as the fine-scale of the mesh. This, in turn, requires that the temperature difference |T − θ| should be relatively small as, in fact, will be the case for the solutions examined in this article.
If we also consider the mesh (or dust) to be optically thin, then the remaining term in the model L(T ) can be taken to represent radiative heat-losses. For the purposes of this article we consider all such losses to arise from radiation within the gas phase. Stefan's law, for radiative heat exchange with a uniform ambient state, predicts that
where T a is the ambient temperature and ε is the emissivity. We shall study two approximate forms of this law, one of which is linearised differently for burnt and unburnt gases and is therefore more easily analysed. The other, which will be discussed later, retains the nonlinear features of Stefan's law and does not distinguish between the burnt and unburnt media.
Stefan's law (2) linearises about ambient temperature and about any flame temperature T f such that
In the context of a large activation temperature analysis, with the temperature in the burnt gas typically close to T f , the linear term for T ≈ T f will be small compared with the constant term. Thus we can model the linearised losses in the burnt gas as being predominantly constant. For simplicity, in our first model for heat loss, we shall take all losses in the unburnt gas to arise only from the linearisation about the ambient state. Thus, a simple linearised model for heat loss becomes
where ε b is the emissivity of the burnt gas; the different chemical constituents in this region could alter the emissivity.
A flame-ball, satisfying these equations, will also need to satisfy boundary conditions as r → ∞ of the form
implicitly requiring that the reaction-rate Ω is zero for large enough values of r (to avoid the cold boundary difficulty and to ensure that the mixture is chemically stable under ambient conditions). This can be guaranteed by choosing the cut-off temperature T c to be slightly above T a .
In the absence of the solid phase, these equations are essentially the same as those already studied for flame balls in gases [2] - [5] . The model (1) to (5) generalises on this by including the solid phase only as a reservoir of heat that can be exchanged with the gas. The aim of this article is to study the effect that the presence of this imobile and inert reservoir of heat can have on the structure and stability of flame balls. We shall also generalise on previous work by examining heat losses given nonlinearly by Stefan's law (2) as well as by the linearised approximation (4).
dimensionless model
A dimensionless form of the model arises if we redefine all variables, such that
(subsequently dropping the primes). If we select the rescaling so as to define
then the governing equations, with the linearised model (4) for heat loss, take on the dimensionless form
The parameter Le is the Lewis number and β is the Zeldovich number. For a realistic model of combustion β must be large, a useful key for asymptotic solution of many combustion problems.
The parameter µ is the dimensionless heat capacity of the solid phase and τ is a dimensionless time-scale for the transfer of heat between the gas and solid phases. The parameters a and b (both taken to be positive, or possibly zero) represent linearised effects of heat loss in the unburnt and burnt gases through radiation. It can be noted that the factors of β −1 and β −2 in the expression for L ensure that these losses are relatively weak in both parts of the combustion process for order one values of a and b. Taking the radiative losses per unit volume to be weaker by a factor of order β −1 T in the unburnt gas is consistent with the nonlinearly disproportionate reduction that occurs through the gases being colder there.
We shall assume that µ, τ , a and b are all of order one, while β is large. Taking µ to be of order one, in this article, implicitly assumes that the mass of solid per unit volume is similar to that of the gas. There is therefore relatively little solid present per unit volume, requiring a volume fraction of the order of 10 −3 under normal atmospheric conditions. The solid matrix is therefore relatively light, rather like a fine suspension of dust particles that are also assumed, in this article, to be relatively immobile.
exchange of heat with the solid phase
It is worth remarking immediately that if T (t, r) is a solution for T , then the solid temperature θ is determined by
where θ has the initial value θ = θ 0 (r) at the time t = t 0 . After a while, when t − t 0 τ , the effect of the initial condition is effectively forgotten and the second result for θ is a more appropriate solution. Since
(ζ−t)/τ dζ = 1, the latter solution shows that the value adopted by θ at any point is a weighted average of the earlier values of T at that point.
In the limiting case when τ → ∞ the solid temperature stays constant and does not interact with the gas. The equations for the scaled mass-fraction and gas temperature are then the same as they would be with no solid present at all, namely
Of course, the same equations hold in the limiting case when the solid has no heat capacity, µ = 0, as they would do if it was simply not present. At the opposite extreme, in the limiting case when τ → 0 the gas and solid temperatures are always equal, θ ≡ T .
Rescaling time so that t = (1 + µ)t, the equations for the scaled mass-fraction Y and temperature T now become
which shows that the model is then equivalent to the model with no solid present, but with the Lewis number replaced by Le/(1 + µ). This is because, when τ = 0, the specific heat C P is effectively increased by the factor 1 + µ. The heat capacity of the solid augments that of the gas. To some extent therefore, even when τ = 0, the presence of the solid should have an effect similar to that of reducing the Lewis number of the gas, at least in some cases.
flame-sheet model
Assuming that there is a reaction sheet around a location r = R(t), we can focus attention on a suitable inner region by rescaling such that
The leading order equations for ψ(t, ξ) and φ(t, ξ), as β → ∞, become
In the burnt gases where r < R, the value of ψ should approach zero as β → ∞ while gradients in temperature will be relatively small (also tending to zero as β → ∞). Suitable boundary conditions are therefore
from which the partial solution
can be obtained, with φ = φ(t). A further integration would determine the spatial structure of ψ(t, ξ) and φ(t, ξ), modulo arbitrary translations in ξ, parameterised by the time-dependent function φ(t).
In terms of the outer variables, Y and T , this solution has the form
which can only be asymptotically valid if r = R + β −1 ξ tends to R as β → ∞, thus providing matching conditions for the solution of the outer problem if it is also assumed that 1 |ξ| β. By suitably selecting the value of R, this leads to the following jump conditions in the values and gradients of Y and T across the location r = R
evaluated at the flame sheet r = R. Higher order effects have been neglected in writing out these jump conditions. Away from the flame sheet, the reaction rate term is negligible so that for r = R the equations to be satisfied are
at least in the case of the linearised model for heat loss. In this form of the model, the different heat-loss terms are now explicitly distinguished between the burnt region (r < R) and the unburnt region (r > R).
In principle, the jump conditions (17) can be extended to higher order, involving other effects such as the nonlinear form of the exponent in (8), curvature, propagation speed dR dt and temperature gradient in the burnt gas. However, these effects would normally make little overall difference and so we shall proceed using the jump conditions as given in equations (17) to represent the entire effect of the chemistry, taking them to be correct to all orders as β → ∞.
Stefan's law for heat loss
A dimensionless model for heat loss that keeps more closely to the spirit of Stefan's radiative law, applied uniformly throughout the medium, arises if the dimensional heat loss expression (2) is written in dimensionless form as
Note that the font used here for the symbol b is distinct from that of the parameter b used in the models (8) and (18). It can also be noted that this is the exact dimensionless form of (2), with no further approximation, and that the definition of b is very similar to that of b in (7). The two should therefore have similar magnitudes, given approximately by βεl
a . When this is true, the nonlinear terms in the expression (19) for L(T ) are also dominated by the fourth power of T . If the other nonlinear terms are neglected, then an alternative and relatively simple model equation for the gas temperature becomes
which would be valid for any value of r = R, the same equation applying in both burnt and unburnt gases. In cases where the temperature change through the flame ball is not large, a linear heat loss law would be suitable everywhere. This would correspond to having b = 0.
numerical solutions
As well as the asymptotic studies that are outlined in section 3, the equations (8) were solved numerically. In order to do this on a finite grid, the transformation r = β tan(x/β) was used so that only a finite domain 0 ≤ x ≤ π 2 β needed to be discretised. This was done using a standard finite difference code that was found to give converged results with 8 000 evenly spaced grid points, even for β = 100. Eigenvalues for the linear stability of steady solutions were calculated using a shifted inverse power method. An additional modification, to allow the cold-boundary cut-off to be described more smoothly than it would be using a Heaviside function, was made by defining
This is practically the same as the definition in (8) , having exactly the same asymptotic behaviour for large β with T > O(β −1 ), but it is continuously differentiable so that it is more amenable to numerical solution using Newton iteration. The linearised heat loss model in (8) was rewritten as
which acts as an effective switch between the heat-loss definitions in the burnt and unburnt gases, while also being continuously differentiable. Numerical solutions were only examined for the linearised heat loss model of equations (8) and not for the continuous, nonlinear heat loss law in (20). Finally, the radius R was estimated in any numerical solution using one or both of the alternative formulae
the latter being more suitable in completely steady solutions for any value of Y that is not too close to zero or unity, say a value of around 
Flame Balls and their Stability
We can now examine the effect on spherical flame balls of the presence of an inert solid that contributes only through an exchange of heat with the reacting gas.
linearised heat loss
We shall firstly examine the model (17) and (18) in which the heat loss term L(T ) is linearised and assigned the constant value b/β in the burnt gas. The steady solution is a natural starting point for this.
steady solutions
If there is no time dependence, then we can immediately note that the solid and gas temperatures are the same, θ ≡ T . The model (18) is then precisely the same as it would be if there was no solid phase present at all, namely, for r = R, with ∂ t ≡ 0 along with the jump conditions at r = R and the conditions at infinity
Steady solutions in which R(t) ≡ S have the form
if r < S T 
Since T = T at r = S, the condition [Y r ] = e β( T −1)/2 then leads to parameterised by the critical radius of a steady flame ball S = R c that is found on the critical boundary. The range of values of (a, b) within which solutions exist is shown in figure 1 . In this range there are two solutions arising at two different radii. One of these solutions moves away to infinity as both a and b tend to zero, leaving only a solution with S = 1 and T = 1. These are the dimensionless radius and temperature of a Zeldovich flame ball [2] without any heat losses. , b = 0 and be = 1, given by the small + symbols. The values plotted were all calculated for a Zeldovich number of β = 100. Normally a Zeldovich number of β = 10 or 20 is considered reasonably large, and yet, even for such a big value of β, the numerical results deviate from the corresponding asymptotic curves by about 10%. Table 1 gives an idea of the dependence of solutions on β by looking at the two main fold bifurcation points for b = 0 and for a = 0. At β = 50 and β = 100 these are still relatively far from the asymptotic value when β = ∞, although certainly approaching it with β = 100. The lower dashed line follows the critical path a = a c (b), corresponding to G = 1 in figure 5 and the upper dashed line corresponds to G = 0. The lower dotted line corresponds to G = 1 in figure 7 and the upper dotted line corresponds to G = 0.
as β increases. This demonstrates that the asymptotic solutions may not be all that good at describing solutions in which β is only moderately large. In our calculations, the values of a and b at the fold bifurcations were found to arise at a distance of the order of one away from their asymptotic values when β ≈ 30. The fold bifurcation at a = 0 was found to disappear altogether (implying no multivaluedness of solutions) when β was between twenty and thirty in value, and the same probably happens for the bifurcation at b = 0, although this was not investigated.
This article is mainly concerned with investigating flame balls in the asymptotic limit β → ∞ and so the remaining numerical results that are to be presented were all calculated for β = 100. 
spherically symmetric stability
We can now examine the linear stability of the steady solutions (26), to spherically symmetric disturbances, by writing
taking e λt to be infinitesimally small, for which the equations to be satisfied are y + 
are arrived at by Taylor expansion of the conditions (17) about R = S. It can be noted from the solutions for a steady flame ball and/or equations (18) that we also have
so that
with errors that are at most of order β −2 . 
after ignoring terms that are of order β −2 or less. From this it can be seen that
revealing the dispersion relation
or, substituting for δ, κ and ν
in which the square roots on the left must be assumed to have non-negative real part for the eigenfunctions to be bounded at infinity. We now need to solve this dispersion relation to determine all possible eigenvalues λ.
large eigenvalues
Considering firstly values of λ that may be large as β → ∞ produces the leading-order form of the dispersion relation
in which the heat loss parameters a and b play no part. In this form, the dispersion relation allows for the possibility that the dimensionless heat-transfer time τ could be small, having λτ = O(1). Since λ 1/2 has positive real part in this formula, it follows that large values of λ appear only if Le > 1 + µ/(1 + λτ ). There are three distinct ranges of solution, depending on the magnitude of τ :
In general, these formulae show that if τ is of order β Thus it can be seen that for values of τ that are small compared with β −2 , the system obtains a large positive eigenvalue only if Le > 1 + µ. If τ increases, the threshold value of the Lewis number, above which a strong instability appears, decreases to unity. Large positive eigenvalues do not arise at lower Lewis numbers.
order one eigenvalues
Assuming that λ is of order one, provides the leading order form of the dispersion relation
in which, once again, the heat loss parameters a and b do not appear. Provided τ = 0 and τ = ∞, this equation has only one non-zero root
which is positive if 1 < Le < 1+µ for any order one value of τ > 0. Thus, for τ = o(1) and Le > 1, the flame ball is always unstable, having at least one positive root and possibly also a large positive root, regardless of the values of a and b.
Only if τ = O(β −2 ) does the threshold for instability, with a large growth-rate, rise above Le = 1. We can see that, for τ β −2 stability is only possible for Le < 1. Because we have already covered the cases for large and order one values of λ, the least stable eigenvalue would then have to be small as β → ∞.
small eigenvalues
When eigenvalues are small, an inspection of equation (40) reveals that λ should be of the order of β −2 . The leading-order form of the dispersion relation, as β → ∞, is then
The case a = 0: Considering firstly the situation in which a = 0, it is convenient to define
which leads to the form of the dispersion relation
to leading order as β → ∞, provided only that τ β 2 . The right side of this dispersion relation changes sign where bS 2 = 3; this happens at the fold bifurcation in the curve for a = 0 in figure 3 . On this curve, the right side of equation (47) is positive (bS 2 < 3) for 1 ≤ S < √ e, corresponding to the branch of smaller flame balls, and negative (bS 2 > 3) for S > √ e, corresponding to larger flame balls.
It should be remembered that ω 1/2 and (ω ) 1/2 , which represent scaled versions of κ and ν, must have non-negative real parts for solutions to arise. This means that an eigenvalue λ of the order of β −2 appears only if bS 2 < 3 with < 1 or bS 2 > 3 with > 1. The eigenvalue is real and positive, indicating that smaller flame balls (bS 2 < 3) are unstable for Le < 1 + µ and larger flame balls (bS 2 > 3) are unstable for Le > 1 + µ. Since we have already seen that, at least for τ β −2 , stability is only possible for Le < 1, it follows that, when a = 0, the larger branch of flame balls is stable for Le < 1.
The case a = 0: Now considering the more general situation in which a = 0, it is convenient to define
again provided only that τ β 2 . Note that, as in the case a = 0, the right side G of this dispersion relation changes sign where
both of which are plotted as the upper dashed lines in figures 2 and 3. The eigenvalues can be determined as solutions of the quadratic equation for Λ
requiring, at least, that G ≥ 0 for < 1 so that Λ 1/2 has a non-negative real part. The eigenvalue Λ itself has a negative real part (implying stability) when Im(Λ 1/2 ) > Re(Λ 1/2 ).
For Le ≥ 1 + µ (heavy reactants), equivalent to ≥ 1: As has already been shown, there is a large positive eigenvalue for Le > 1 + µ so that this range of Lewis numbers is unstable regardless of the existence or not of any small eigenvalues. It is more relevant therefore to consider < 1. All the same, positive values of Λ are found for all G < 1, making this region also unstable to a disturbance with a weakly positive eigenvalue. If G = 1 then Λ = 0. For G > 1 there are no solutions, real or complex, for which (1 + Λ)
and (Λ ) 1/2 have non-negative real part.
For Le < 1 + µ (light reactants): For < 1, at least one positive real value of Λ is found for all
two real values of Λ ≥ 0 being found in the range
In the range
complex conjugate pairs of values of Λ are found with positive real part, while smaller values of G than the lower bound of this range produce non-positive real parts for Λ. Thus small eigenvalues become stable for
The right side of this inequality is in the range [0, 1) and increases towards unity as the solid heat capacity µ increases or as the Lewis number Le decreases towards zero.
ranges of stability
To summarise, if β −2 τ β 2 then stability arises for a = 0 when
If τ = O(β −2 ) then stability arises for a = 0 when
where 1 ≤ Le c (µ, β 2 τ, S) ≤ 1 + µ, with Le c (µ, 0, S) = 1 + µ and Le c (µ, ∞, S) = 1. It is probably unrealistic to encounter such small heat transfer times in practice, so that the former pair of criteria above is likely to be the most practical set of conditions. The formulae
parameterise the relationship between a and b at fixed values of G. It can be noted that the case G = 1 corresponds exactly to the limit of existence of solutions a = a c (b) provided by equations (29). Based on these formulae, figure 5 provides the range of values of a and b for which stable solutions are possible when Le < 1. Solutions for Le < 1, on the branch having larger values of S, are stable when G < G s , with 0 ≤ G s ≤ 1, so that the contour for G = G s determines the limit of the range of values of a and b within which stable solutions can occur. To illustrate the dependence of stability on the steady radius S, the dashed lines in figures 2 and 3 show the paths of the limiting cases at which G = 0 and G = 1. Flame balls larger than the radius at which G = 0 are always stable for any Le < 1 while those that are smaller than the radius at which G = 1 are always unstable.
Because the paths G = 1 and a = a c (b) are the same, based on the linearised model for heat loss in equations (18) In figure 6 we present the eigenvalues λ that arise in a case for which G = 1/ √ 3. The value of at which λ has a real part of zero is then exactly 1 2 with λ becoming real at = 2 3 . A numerical calculation on the larger branch of flame balls for β = 100, with be = 1, a = 0.48 and µ = 0, gives almost exactly the same dependence of λ on , even though leading order asymptotic solutions do not actually exist, as β → ∞, at these values of a and b; at this point, a > a c (1/e) ≈ 0.44914. In order to find G = 1/ √ 3 with be = 1, a value of a ≈ 0.43619 would be expected in the limit as β → ∞. ). The imaginary part is given by the dotted curve. The small + signs denote numerically calculated eigenvalues for β = 100 with be = 1, a = 0.48 and µ = 0, which happens to have almost the same point for marginal stability.
Stefan's law for heat loss

steady solutions
When the equation involving nonlinear radiation, distributed over all values of r, is satisfied, namely
a steady asymptotic solution for the solid and gas temperatures as β → ∞ becomes 
which is completely analogous to the previous result (28) for constant heat losses in the burnt gas and linear losses in the unburnt gas. If the earlier parameter b is replaced by 4b, for values of a and b in the appropriate range a ≤ a c (4b), then it provides the same range of steady solutions, with asymptotically the same values of S and T . In the case when b = 0 the solutions are also asymptotically the same as those of the model (18) with b = 0, in spite of the fact that linear heat losses are included in the model (60) for r < S. In this region, these linear losses produce a gradient T r for r < S that is only of the order of β −2 . They therefore contribute nothing to the solution to leading order.
spherically symmetric stability
In proceeding to consider the linear stability of the solution (61) we suppose, as before, that T = T 0 + e λt Γ(r). The linearised equation to be satisfied by Γ(r) = (1 + λτ )Θ(r) can then be taken as 
As before, the solution for y(r) is
and, because heat losses are continuous across r = S for the model (60), we now have
Hence the jump conditions, equivalent to (32), to be satisfied by Γ become
since y (S + ) = S −2 + ν/S.
It remains to solve for Γ and to apply these jump conditions. The solution for r < S is straightforward, namely
Note that we have redefined the value of δ from (35) although the parameter still applies to the solution for Γ where r < S. The solution for r > S is less straightforward in view of the non-constant coefficient. We need to solve
where κ is defined in (35) . This equation appears to have no standard solution for general values of κ, and a/β. However, we can still proceed in the following way.
Recalling that the large and order one unstable eigenvalues, for Le > 1, that arose in the previous model with constant heat loss in the burnt gas, did not depend on the heat loss parameters, we can expect the same to be true in this case. Indeed when The jump conditions (66) can now be used to deduce that
after using (68) and (69) to substitute for and χ, and neglecting terms of order β −2 ln β or less. It can thus be seen that
leading to the dispersion relation, for
after neglecting terms that are of order β −2 ln β, remembering that for the small eigenvalues that we are examining (with Le < 1) the values of ν and κ are themselves of order β −1 . From (67) it can be seen that δ is of order β −1/2 but its influence on the dispersion relation is still only to provide a disturbance that is of order δ 2 /β = O(β −2 ).
ranges of stability
After comparing equations (45) and (78), it can be seen that stability arguments follow in the same way as they did for the model (17) and (18) Broadly speaking therefore, the model with nonlinear distributed radiative losses moves the point at which flame balls become stable towards larger values of the steady radius S, above the path of fold bifurcations that separates larger from smaller solutions.
Conclusions
For a model describing flame balls in a porous solid, in which the solid serves only as a reservoir of heat and contributes nothing to conductive or radiative effects, the steady solutions themselves are exactly the same as they would be if no solid were present. The solid simply maintains the temperature that the gas would have in its absence. Although it certainly absorbs heat from the gas in reaching this state, it simply copies the gas temperature and does not influence it in any way. Neither does this removal of heat from the gas cause a reduction in gas temperature because the system is unbounded with an infinite reservoir of available enthalpy. However, in unsteady solutions, the reservoir of heat absorbed by the solid does make a difference, tending to stabilise steady flame balls, especially for Lewis numbers less than unity.
The principal results of our asymptotic analysis of flame balls as β → ∞, in the presence of an inert solid matrix, are maintained over a very wide range of values of the heat transfer time τ , between gas and solid. Provided only that β −2 τ β 2 , we find that all flame balls are unstable for Lewis numbers Le greater than one. For Le < 1 the presence of the solid increases the range of stable flame balls exactly as if the Lewis number Le had been reduced to Le/(1 + µ), at least to leading order as β → ∞. All stable flame balls arise on the branch of solutions that has larger radii than those found below the path of fold bifurcations.
The nonlinear radiative law is found to produce exactly analogous steady solutions (to leading order as β → ∞) to those found with the linearised law, related only by having b = 4b. Their stability is altered however in a way that narrows the range in which stable flame balls can be found. The stabilising effect of heat exchange with the solid matrix is still present and serves to alter the effective Lewis number for stability, when Le < 1, in exactly the same way. In both cases, lean reactants that are more diffusive than heat, can therefore produce flame balls that are stabilised more readily (with lower diffusivities) because of the exchange of heat with a solid matrix.
It can be recalled from equations (10) and (11) that Le/(1+µ) would serve as the Lewis number, in place of Le in a model without the presence of any solid, if the heat transfer time τ were to be exactly zero. The eigenvalues that are found in the linear stability analysis when Le < 1, are all small, of the order of β −2 . Thus any transfer time of τ β 2 is asymptotically small on the long time-scale of slow growth (or decay) of any eigenmode. It is therefore effectively zero, providing a ready explanation for the stabilising effect that has been demonstrated.
On the other hand, for Lewis numbers that are greater than unity, Le > 1, the eigenvalues are in fact typically very large, of the order of β 2 . The time-scale for growth of the most unstable eigenmode is therefore very short, of the order of β −2 and τ would then have to be very small indeed, of the order of β −2 , to have any effect on the stability of a flame ball. If, however, τ is very small, having τ β −2 , then the same stabilising effect is found, effectively replacing the Lewis number in all cases by Le/(1 + µ). Otherwise, if τ is less small, τ β −2 , then the solid simply has no influence at all (to leading order) on the instability of flame balls when Le > 1. Thus, as far as the stability of a steady flame ball is concerned, intermediate heat transfer times, β 2 τ β −2 , behave as if τ was infinite for Le > 1 and zero for Le < 1.
Although the analysis in this article has assumed that µ is of order one as β → ∞ it is likely that the results still hold for relatively large values of µ, representing situations in which the solid matrix takes up a larger volumetric heat capacity (or mass) than the gas phase, while still having a small volume fraction. Further analysis is needed to verify and if need be extend the results towards cases in which µ is asymptotically large as β → ∞. Situations in which the solid phase conducts and radiates, or possibly also moves itself, as may happen in the case of a dust suspension, remain to be studied. This article has focused only on the primary role of the transfer of heat between solid and gas.
Numerical results are found to require unusually large activation temperatures in order to approach the asymptotic results. Values of β of about twenty are found to produce solutions that are different both qualitatively and quantitatively from the asymptotic solutions for β = ∞. We believe that our numerical solutions are reliable: at β = 100 the steady solutions are consistent with the asymptotic results; the dependence of numerically calculated unstable eigenvalues on the Lewis number is very close to that found asymptotically at nearby values of the heat loss parameters a and b. Indeed the numerical and asymptotic results support each other when β is very large indeed (at least where our numerical investigations were carried out, with the linearised model for heat loss). It may be possible, but seems unlikely without any clear reason for it, that the numerics and asymptotics will agree better at smaller values of β for the continuous, nonlinear radiative model. This remains to be investigated.
When β is only moderately large, the numerical results are surprisingly different from their asymptotic counterparts. This raises some basic questions about the relevance of the asymptotic predictions for one-step chemistry in describing actual flame balls, questions that deserve further investigation; numerical simulations based on more detailed hydrogen chemistry appear to be successful [6] - [8] . Apart from this caveat, the analysis in this article has served to clarify and extend what is known about flame balls, as seen from the asymptotic perspective. Studies of this nature [9] - [14] have proven successful at describing experimental observations of flame balls, and their behaviour, with good qualitative accuracy, at low enough Lewis numbers.
